Abstract. Let An be the alternating group on n letters. For n > 5, we describe the elements α, β ∈ An when α An β An is the union of at most four distinct conjugacy classes.
Remark 2. For most pairs α, β ∈ A n , η(α An β An ) is much larger than min(n) as shown in the tables in the Appendix.
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Notation
We use the standard cycle notation for permutations, and we take our maps to be written on the right, so we multiply cycles from left to right. Thus for example, (1 2 4)(1 2 3)(4 5 6) = (1 3)(2 5 6 4).
For integers n > m, any element of A m can also be considered as an element of A n , so we use this fact without comment.
The following is a very well known result.
Lemma 2. Let α ∈ S n . Then a) α can be written as a product of disjoint cycles. b) α
Sn is the set of all permutations of S n with the same cycle structure as α.
Definition 3. The cycle type of a element of S n is an unordered multiset of integers, forming a partition of n. We use square bracket notation, for example, For α ∈ S n , the cycle type of α can be written as where α consistes of disjoint cycles of lengths a 1 , . . . , a r , r ≥ 0, n i ≥ 1 for 1 ≤ i ≤ r, and n 0 ≥ 0 1 < a 1 < a 2 < · · · < a r−1 < a r , n 0 + r i=1 n i a i = n. i.e., here the cycle lengths are written in increasing order of size, and form a partition of n. 
Proofs

3.1.
Reducing from A n to S n . Although our main result is about conjugacy classes in A n , by means of the following results, we will reduce most of the work to determining pairs α, β ∈ S n for which η(α Sn β Sn ) < 5. Note that for α ∈ A n , if α An = α Sn , then α Sn is the union of two A n conjugacy classes. We will make use of the following two well known lemmas; the proofs are included for completeness.
Proof. First assume that α = α β for some odd β. Let γ be any permutation with [γ] = [α] . By Lemma 2 there exists δ ∈ S n such that δ −1 αδ = γ. If δ ∈ A n , then γ and α are A n -conjugates. Otherwise βδ ∈ A n . Observe that (βδ) −1 α(βδ) = γ and thus α and γ are A n -conjugates.
Suppose that α An = α Sn . So for some element γ ∈ S n \ A n , and some δ ∈ A n , we have α γ = α δ . So α γδ −1 = α, so we can take β = γδ −1 .
Corollary 5. Let α ∈ A n . If for some integer m > 0 and some permutation α 1 ∈ A n−2m the cycle type of α differs from that of α 1 by insertion of either {2m} or {m, m}, then α An = α Sn .
Proof. If α = α 1 γ, where γ is a cycle of order 2m and γ and α 1 are disjoint permutations, then α γ = α. Since a cycle of even order is an odd permutation, the result follows from Lemma 4, since α γ = α. Assume now that α = γ 1 γ 2 α 1 , where γ 1 and γ 2 are cycles of order m and α 1 , γ 1 and γ 2 are disjoint permutations. If m is even, the result then follows by the previous paragraph. We may assume then that m is odd. Without loss of generality, we may assume that γ 1 γ 2 = (1 2 · · · m)(m + 1 m + 2 · · · 2m). Observe that the permutation δ = (1 m + 1)(2 m + 2) · · · (i m + i) · · · (m 2m) is an odd permutation and (γ 1 γ 2 ) δ = γ 2 γ 1 . Thus α δ = α and the result follows. Proof. By Lemma 4, notice that if some a i is even for some i, then all the elements of type [a 1 , . . . , a r ] are A n -conjugate, since we can just conjugate by the corresponding cycle of length a i . If there exist a i and a j such that a i = a j , then α will be fixed by an odd permutation, as in the second case in Corollary 5.
Conversely, assume that a i is an odd integer for all i and a i = a j for any i = j. By renaming if necessary, we may assume that α = (1 2 · · · a 1 )α 1 , with α 1 fixing 1, 2, . . . , a 1 . Let β = α (1 2) = (2 1 3 · · · a 1 )α 1 . We can check that since a i = a j and a i is odd for all i, if α γ = β, then γ = (1 2). Thus α and β are not A n conjugates but clearly [α] = [β].
Proposition 8. Let α, β ∈ A n , and suppose that either
Proof. Suppose that α An = α Sn . Then by Lemma 4 there is some odd permutation γ with α γ = α. For any a, b ∈ S n , one of the pairs (a, b), (γa, b), 
Lemma 10. Let α, β ∈ A n with n ≥ 7. Assume that Proof. Let α 2 = (1 3 2 7 5 6 4 · · · a 1 )γ,
Then α, α 1 , α 2 , α 3 and α 4 are A n -conjugates. We will now show that αβ, α 2 β,α 3 β,α 4 β, α 5 β fix different number of points, and thus are not conjugate to each other. Let X be the set of fixed points of αβ. Observe that {1, 2, 3, 4, 5} ∩ X = ∅. We can check that the set of fixed points of α 2 β, α 3 β, α 4 β and α 5 β is X ∪ {3}, X ∪ {3, 4} X ∪ {2, 3, 4}, and X ∪ {2, 3, 4, 5} respectively.
Our proof is similar when β is replaced by Define a further conjugate of α in A n by α 6 = α (2 7 4 3 5) = (1 7 5 3 2 6 4 · · · a 1 )γ. Now if Y is the set of fixed points of αβ ′ , then the sets of fixed points of
. respectively. The numbers of fixed points distinguishes the conjugacy classes of αβ ′ α 2 β ′ ,α 3 β ′ ,α 4 β ′ and α 6 β ′ from each other.
Lemma 11. Let α, β ∈ A n with n ≥ 6. Assume that α An = α Sn and
Proof. By Lemma 6 and Corollary 7, we have that both α and β fix at most one element and they are products of disjoint cycles of different odd order. By Lemma 6 and computations with GAP, we may assume that both α and β have cycles of length at least 7. This follows, since by Lemma 6, we know that α and β must have cycles of distinct odd lengths. If there is no cycle of length at least 7, then n = 1, 4, 8 or 9. However, we assume n ≥ 6, so we must have n = 8 or 9, and the cycle types of α and β must be either [1, 5] , [3, 5] , or [1, 3, 5] . From Tables 10, 12 and 13 we see that in these cases, we have η(α An β An ) = 7, 13 and 17 respectively. and so we already have η(α An β An ) ≥ 5 in these cases. By Lemma 7 and Lemma 9, and renaming if necessarily, we may assume that for some permutations γ and δ, where a 1 ≥ 7, b 1 ≥ 7 and γ fixes 1, . . . , a 1 and δ fixes 1, . . . , b 1 , and µ is any odd permutation. These two cases are dealt with by Lemma 10. Note that by conjugation in A n we can take any fixed choice of odd µ, and a convenient choice is µ = (2 4)(3 6 5).
3.
2. An inductive argument. We would like to apply an inductive argument in this section. We'd like to be able to pass from α Sn β Sn to something akin to α Sn−1 β Sn−1 . Instead of using η, we will use η ′ defined below. To define this we need to choose a particular element, s(α) of any conjugacy class α Sn of S n . Note that η ′ and s are only used in this subsection.
Definition 12. Suppose that α ∈ S n has cycle structure as in (2.1). We define the element s(α) of α Sn by
I.e., the cycles are written in increasing order of length, and the elements appearing are written in increasing consecutive order. Elements 1, . . . , n 0 are fixed. The element n is in a cycle of maximum length, so unless α = e, s(α) never fixes n.
Example 2. For the following element of A 12 we have s(8 9)(5 6 7 1)(11)(12) = (1)(2)(3)(4)(5)(6)(7 8)(9 10 11 12).
Definition 13. Let S n be the group of permutations on the set {1, . . . , n}. Define
This definition is choosen because in the inductive step, (details in Proposition 15), as well as having (n)σ = n, we will also take (n−1)σ = (n−1). In this case, provided both α and β are not the identity, we have (n − 1) s(α) = n, (n − 1) s(β) = n, and (n) s(α)
Proof. For any β ∈ S n , β is conjugate to β −1 and to s(β). So since α σ β τ is conjugate to α στ −1 β, and since α Sn depends on α only up to conjugacy, we have
The set involved contains the set used to define η ′ , and so the inequality follows.
Thus in order to find a lower bound on η(a Sn b Sn ), it suffices to find a lower bound on η ′ (a, b).
Proposition 15. Fix an integer n > 1. Let α, β ∈ S n \ e with cycle structure
Then there exist α ′ , β ′ ∈ S n−1 with cycle structure 
Proof. Note that since α, β = e, a r , b s > 2, so n is not a fixed point. Since
, we may assume for simplicity that α = s(α) and β = s(β). Suppose that
where u = n − a r , v = n − b s , and α 2 fixes u, . . . , n and β 2 fixes v, . . . , n. Now take σ ∈ S n with (n)σ = n and (n − 1)σ = n − 1. Then
So setting
we have
Note that since s(α) = α and s(β) = β, we also have s(
Thus the inequality (3.5) holds.
Lemma 16. For α = (1 2 3 4) and β ∈ S n with n ≥ 8, and β(1) = 1, we have
Proof. Suppose that β consists of at least 3 cycles, at least 2 of which are nontrivial. Suppose with the cycle lengths written in increasing order, with longest cycles of lengths
, where S is some sequence of integers, and b 2 , b 3 ≥ 2. We can assume β = s(β), and the cycles of the lengths
where β 2 fixes 1, . . . , m 1 −1, and
Then we have at least the following possible cycle types of elements of the form
(Note that the cycle lengths in these sequences on the right hand sides are not in general in increasing numerical order.) In general, these will be distinct. In special cases some of these cycle types will be the same; but we can show that there are at least 4 different cycle types in all cases, and if there are only 4 cycle types, then we must have either
In these cases b 2 = 2 and b 3 ≤ 3, so except possibly for one cycle of length 3, all cycles must have length at most 2 (since b 1 , b 2 , b 3 were maximal length cycles in β), and since n ≥ 8, there are at least 4 cycles, so we can take
with b 2 , b 2 , b 3 as above, and R a sequence, and b 4 an integer, with R,
which is distinct from any of the above listed cycle types, since it has few terms in this sequence. Thus in this case η ′ (α, β) ≥ 5. Now assume that β consists of either 2 nontrivial cycles, and no fixed points (since two nontrivial cycles and one fixed point is just the case of three cycles with b 1 = 1), or exactly two cycles, one of which may have length one. We write
with m 2 = n − b 2 and m 5 = n − b 1 − b 2 , and with β having cycle structure S, b 1 , b 2 . Since n ≥ 8, at least one cycle has length at least 4, so, including one possible case where there is a cycle of length at least 5, we have cycle types
Note that in the case b 1 = 4, the third and fourth line of the above table have the same cycle type, but altogether there are 5 different cycle types. If β consists of only one cycle, then β is a cycle of length n, then take the first four line and the last line of the above table to give five different possible cycle types of α σ β. These cases cover all the possibilities, and so the result follows.
Proposition 17. Suppose that α, β ∈ S n for n ≥ 9. Suppose η(α Sn β Sn ) ≤ 5. Then one of α, β is conjugate to (), (1 2), or (1 2 3).
Proof. We may assume neither of α, β = e.
We can check the result for n = 9 with GAP. See Table 13 in the Appendix. Suppose that n > 9, then by Proposition 15, we have, using the notation of that lemma,
If neither of α ′ , β ′ is conjugate to (), ( 1 2), (1 2 3), then the result follows by induction. The cases where α ′ has one of these forms are:
and similarly for β. The first two cases are contained in the statement of the result. Suppose that α = (1 2 3 4), and β is not conjugate to (), (1 2) or (1 2 3). Then by Lemma 16 to show that η(α Sn β Sn ) ≥ 5.
3.3. Cycle structures when η ≤ 5.
Lemma 18. Suppose that β is a transposition and
where
Proof. When computing η(α Sn β Sn ), we may just compute the number of possible cycle types in α Sn β τ for some fixed τ , and so we may assume β = (1 2). Suppose that for some σ we have α 
As a i varies, taking values a 1 , a 2 , . . . , a r , and as s varies in the range 1
ai 2 different possible types, which we claim are all distinct from each other. To see this, suppose that we have T (i, s 1 ) = T (j, s 2 ). Then we have the following equality of multisets:
We now use the fact that 1 ≤ s 1 ≤ ⌊ 
where i, j, k, l are distinct. But a consideration of each case shows that none of these are possible, and so all cases are distinct, and the result follows. 
(1s are not omitted from the cycle type.)
Proof. By Lemma 18, we must have r ′ ≤ 3. Suppose r ′ = 1. Then all cycles have the same length a 1 ≥ 2. If n 1 = 1, then r ′′ = 0, and η = ⌊a 1 /2⌋, so 2 ≤ a 1 ≤ 11. This gives the first case in the above list. If n 1 ≥ 2, r ′′ = 1, and η = ⌊a 1 /2⌋ + 1, so 2 ≤ a 1 ≤ 9. This gives the second line. Suppose r ′ = 2, so there are two distinct cycle lengths, say a i , a j , possibly a i = 1. η = ⌊a i /2⌋ + ⌊a j /2⌋ + 1 + r ′′ . This gives the next 5 cases. If r ′ = 3, the only possible case is the last one listed.
Lemma 20. Suppose that β is a three cycle, and
where n i ≥ 1 for 1 ≤ i ≤ r. Let r ′ and r ′′ be as in Lemma 18. Let r ′′′ be the number of n i , 0 ≤ i ≤ r, which are at least 3. Then
(a i − 1), Another possible case is 1, 2, 3 are all in different cycles, and these have lengths a i , a i , a j for a i = a j . This gives the term (r ′ − 1) ⌊a i /2⌋. If 1 and 2 are both in the same cycle c 1 , and 3 is in a different cycle, c 2 , but c 1 and c 2 both have length a i , then the type of c 1 c 2 (1 2 3) is {a i + u, v}, where u + v = a i , u, v ≥ 2. The term (a i − 1) comes from this case.
These cases can all shown to have distinct cycle type, in a similar manner to the proof of Lemma 18. There are a number of other cases, but for the inequality, we do not need to consider them.
Remark 4. The first few terms in the increasing sequence P 3 (a i ), for i = 1, 2, 3, . . . are 0, 0, 1, 1, 2, 3, 4, 5, 7. This is Sloane's sequence A069905 [5] , where more terms and a formula can be found. , 4}, where n 0 , n 1 are arbitrary positive integers. These have been listed so that only those in the second line satisfy n > 8.
To obtain the final result, we go through the cases with n > 8 one at a time. It is simple to see that representatives of all possible conjucacy classes of the product of α Sn β Sn in these cases are given as follows:
(1 2 3)(1 2)(3 4)(5 6)α 1 = (2 4 3)(5 6)α 1 (1 3 5)(1 2)(3 4)(5 6)α 1 = (1 4 3 6 5 2)α 1 where α 1 is a product of disjoint transpositions, acting on 7, . . . , n.
For
(1 2 3)(1 2 3)(4 5 6)(7 8 9)α 1 = (1 3 2)(4 5 6)(7 8 9)α 1
(1 3 2)(1 2 3)(4 5 6)(7 8 9)α 1 = (1)(2)(3)(4 5 6)(7 8 9)α 1
(1 2 4)(1 2 3)(4 5 6)(7 8 9)α 1 = (1 3)(2 5 6 4)(7 8 9)α 1 (1 4 5)(1 2 3)(4 5 6)(7 8 9)α 1 = (4 6)(1 5 2 3)(7 8 9)α 1
(1 3 4)(1 2 3)(4 5 6)(7 8 9)α 1 = (1)(2 3 5 6 4)(7 8 9)α 1 where α 1 is a product of disjoint three cycles acting on 10, . . . , n
( 1 2 (2 4 5) ( 1 2 3)(3 4 2 5) = (2 4)(1 5 3) ( 1 2 3)(3 2 4 5) = (1 4 5 3) ( 1 2 3)(1 2 3 4) = (1 3 2 4) ( 1 2 3)(1 3 2 4
) = (1 4)
Proof Of Theorem 1. The minimum value of η in A n is at most 5, since we always have η((1 2 3) An (1 2 3) An ) = 5. For 6 ≤ n ≤ 8, the result follows from direct computation by GAP [3] , as can be seen in the tables in the Appendix.
Suppose n ≥ 9. From Proposition 8, Proposition 17, and Corollary 21, we see that the only possible cases with η(α An β An ) < 5 for α, β ∈ A n \ {e} are those given in the statement of the theorem.
Appendix
In this Appendix, we give tables of η and η ′ for A n and S n for 3 ≤ n ≤ 9, as well as a table of minimal values of η up to n = 12. first we describe the GAP code used to produce these tables, which then follow. 4.1. GAP code. Given two elements i and j of a group G, the following code computes up to n representatives of the classes appearing in the set j G i G . Note that it suffices to only check products of the form bi, for b ∈ j G , since any product Suppose that G has k conjugacy classes, cl 1 , . . . , cl k , and suppose that n = m, if m ≥ 1, and otherwise, n = k. (For large n, it can take quite a bit of time to compute all values of η for S n and A n : we can save time, if desired, by setting an upper bound m for η.) The following code then uses the previous code to generate
• up to n representatives of the classes appearing in the set cl j cl i , for each pair j ≤ i, and • pairs g, h of representatives, listed by min(η(h G g G ), n). (3 4)(5 6), (1 2) ( 1 2 3), (1 2)(3 4)(5 6) ( 1 2 3)(4 5 6), (1 2) 7 3 ( 1 2), (1 2) (1 2)(3 4)(5 6), (1 2) ( 1 2 3), (1 2) (1 2 3)(4 5 6), (1 2) (1 2 3 4 5 6 7), (1 2) 8 2 ( 1 2)(3 4)(5 6)(7 8), (1 2) (1 2 3), (1 2)(3 4)(5 6)(7 8) 9 2 (1 2 3)(4 5 6)(7 8 9), (1 2) 10 2 (1 2)(3 4)(5 6)(7 8)(9 10), (1 2) (1 2 3), (1 2)(3 4)(5 6)(7 8)(9 10) 11 3 (1 2), (1 2) (1 2)(3 4)(5 6)(7 8)(9 10), (1 2) (1 2 3), (1 2) 12 2 (1 2)(3 4)(5 6)(7 8)(9 10)(11 12), (1 2) (1 2 3), (1 2)(3 4)(5 6)(7 8)(9 10)(11 12) (1 2 3)(4 5 6)(7 8 9)(10 11 12), (1 2) Table 1 . Minimum values of η for S n n min η pairs where attained 3 1 (1 2 3), (1 2 3) (1 3 2), (1 2 3) (1 3 2), (1 3 2) 4 1 (1 2 3), (1 2)(3 4) (1 2 3), (1 2 3) (1 2 4) , (1 2)(3 4) ( 1 2 4), (1 2 4 (3 4) (1 2 3)(4 5 6), (1 2)(3 4) ( 1 2 3)(4 5 6), (1 2 3) ( 1 2 3 4)(5 6), (1 2 3) (1 2 3 4)(5 6), (1 2 3)(4 5 6 (1 2)(3 4)(5 6)(7 8)(9 10)(11 12), (1 2 3) Table 2 . Minimum values of η for A n (3 4) (1 2)(3 4)(5 6) (1 2 3) (1 2 3)(4 5) (1 2 3)(4 5)(6 7) (1 2 3)(4 5 6) (1 2 3 4) (1 2 3 4)(5 6) (1 2 3 4)(5 6 7) (1 2 3 4 5) (1 2 3 4 5)(6 7) (1 2 3 4 5 6) (1 2 3 4 5 6 7) () 1 (4 5)(6 7) 1 4 6 7 5 7 8 6 5 7 7 6 7 6 7 (1 2 3)(4 5 6) 1 3 5 6 6 7 6 8 6 7 7 7 6 7 7 (1 2 3 4) 1 4 6 6 5 7 5 6 7 7 6 7 6 7 6 (1 2 3 4) (5 6) 1 6 7 6 6 7 7 7 7 8 7 7 7 7 7 (1 2 3 4) (5 6 7) 1 4 5 6 5 7 7 7 6 7 8 6 7 7 7 (1 2 3 4 5) 1 4 7 6 6 7 6 7 7 7 6 8 7 7 7 (1 2 3 4 5)(6 7) 1 4 6 7 5 7 7 6 6 7 7 7 8 7 7 (1 2 3 4 5 6) 1 4 6 7 6 7 6 7 7 7 7 7 7 8 7 (1 2 3 4 5 6 7) 1 3 5 6 5 6 7 7 6 7 7 7 7 7 8 Table 7 . Values of η for S 7
(1 2)(3 4) (1 2)(3 4)(5 6) (1 2)(3 4)(5 6)(7 8) (1 2 3) (1 2 3)(4 5) (1 2 3)(4 5)(6 7) (1 2 3)(4 5 6) (1 2 3)(4 5 6)(7 8) (1 2 3 4) (1 2 3 4)(5 6) (1 2 3 4)(5 6)(7 8) (1 2 3 4)(5 6 7) (1 2 3 4)(5 6 7 8) (1 2 3 4 5) (1 2 3 4 5)(6 7) (1 2 3 4 5)(6 7 8) (1 2 3 4 5 6) (1 2 3 4 5 6)(7 8) (1 2 3 4 5 6 7) (1 2 3 4 5 6 7 8) () 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  (1 2) 1 3 4 4 2 3 6 6 4 4 4 7 5 6 3 4 6 4 5 5 4 4 (1 2)(3 4) 1 4 8 9 5 5 9 10 9 8 7 11 9 8 8 8 9 7 9 9 8 6 (1 2) (3 4)(5 6) 1 4 9 12 7 5 10 10 9 10 8 10 11 9 8 9 10 8 11 9 9 9 (1 2)(3 4)(5 6)(7 8) 1 2 5 7 5 2 6 7 6 6 5 9 8 6 7 5 7 6 8 10 8 9 (1 2 3) 1 3 5 5 2 5 8 8 7 6 5 8 6 8 5 7 8 7 7 7 8 6 ( 1 2 3)(4 5) 1 6 9 10 6 8 12 10 10 10 9 10 10 11 8 10 11 9 11 9 9 9 (1 2 3) (4 5)(6 7) 1 6 10 10 7 8 10 12 10 10 8 11 10 10 9 10 10 11 9 11 11 9 (1 2 3)(4 5 6) 1 4 9 9 6 7 10 10 12 10 8 11 8 10 10 10 9 10 10 10 11 9 (1 2 3)(4 5 6)(7 8) 1 4 8 10 6 6 10 10 10 12 8 9 10 10 9 8 11 10 10 10 9 11 (1 2 3 4) 1 4 7 8 5 5 9 8 8 8 8 10 8 9 7 8 10 7 10 8 9 9 (1 2 3 4)(5 6) 1 7 11 10 9 8 10 11 11 9 10 12 10 10 11 11 10 10 10 11 11 9 (1 2 3 4)(5 6)(7 8) 1 5 9 11 8 6 10 10 8 10 8 10 12 11 10 8 10 9 10 10 9 11 (1 2 3 4) (5 6 7) 1 6 8 9 6 8 11 10 10 10 9 10 11 12 10 9 11 10 11 9 10 11 (1 2 3 4)(5 6 7 8) 1 3 8 8 7 5 8 9 10 9 7 11 10 10 12 8 9 10 9 11 11 10 (1 2 3 4 5) 1 4 8 9 5 7 10 10 10 8 8 11 8 9 8 11 10 10 10 10 11 9 (1 2 3 4 5)(6 7) 1 6 9 10 7 8 11 10 9 11 10 10 10 11 9 10 12 10 11 10 10 11 (1 2 3 4 5)(6 7 8) 1 4 7 8 6 7 9 11 10 10 7 10 9 10 10 10 10 12 9 11 11 10 (1 2 3 4 5 6) 1 5 9 11 8 7 11 9 10 10 10 10 10 11 9 10 11 9 12 10 10 11 (1 2 3 4 5 6)(7 8) 1 5 9 9 10 7 9 11 10 10 8 11 10 9 11 10 10 11 10 12 11 10 (1 2 3 4 5 6 7) 1 4 8 9 8 8 9 11 11 9 9 11 9 10 11 11 10 11 10 11 12 10 (1 2 3 4 5 6 7 8) 1 4 6 9 9 6 9 9 9 11 9 9 11 11 10 9 11 10 11 10 10 12 Table 8 . Values of η for S 8 η(α S 9 β S 9 ) () (1 2) (1 2)(3 4) (1 2)(3 4)(5 6) (1 2)(3 4)(5 6)(7 8) (1 2 3) (1 2 3)(4 5) (1 2 3)(4 5)(6 7) (1 2 3)(4 5)(6 7)(8 9) (1 2 3)(4 5 6) (1 2 3)(4 5 6)(7 8) (1 2 3)(4 5 6)(7 8 9) (1 2 3 4) (1 2 3 4)(5 6) (1 2 3 4)(5 6)(7 8) (1 2 3 4)(5 6 7) (1 2 3 4)(5 6 7)(8 9) (1 2 3 4)(5 6 7 8) (1 2 3 4 5) (1 2 3 4 5)(6 7) (1 2 3 4 5)(6 7)(8 9) (1 2 3 4 5)(6 7 8) (1 2 3 4 5)(6 7 8 9) (1 2 3 4 5 6) (1 2 3 4 5 6)(7 8) (1 2 3 4 5 6)(7 8 9) (1 2 3 4 5 6 7) (1 2 3 4 5 6 7)(8 9) (1 2 3 4 5 6 7 8) (1 2 3 4 5 6 7 8 9) () 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  (1 2) 1 3 4 4 3 3 6 7 4 4 6 2 4 7 7 7 7 4 4 7 5 6 5 5 7 5 5 5 5 4 (1 2) (3 4) 1 4 8 10 8 5 10 14 9 10 11 6 7 13 13 12 12 11 9 13 10 10 9 10 13 9 11 10 9 8 (1 2) (3 4)(5 6) 1 4 10 15 14 6 13 14 13 12 14 10 9 14 15 14 12 12 11 15 13 11 12 14 13 12 13 13 13 10 (1 2)(3 4)(5 6)(7 8) 1 3 8 14 12 4 12 14 14 11 13 7 7 13 14 12 13 12 9 13 14 12 12 12 14 12 13 13 13 13 (1 2 3) 1 3 5 6 4 5 8 10 6 8 9 5 5 9 9 10 9 7 7 10 7 11 7 8 10 8 9 8 9 8 (1 2 3)( 4 5 (4 5 6)(7 8 9) 1 2 6 10 7 5 10 13 12 13 14 13 7 11 12 13 14 12 10 12 12 15 13 11 14 14 13 13 13 15 (1 2 3 4) 1 4 7 9 7 5 10 11 8 9 12 7 8 12 11 12 10 10 9 13 9 11 10 11 12 10 12 11 13 10 (1 2 3 4) (5 6 (3 4) 1 7 5 5 6 6 6 (1 2 3) 1 5 6 5 5 6 6 (1 2 3)(4 5 6) 1 5 5 6 5 6 6 (1 2 3 4)(5 6) 1 6 5 5 7 6 6 (1 2 3 4 5) 1 6 6 6 6 7 6 (1 2 3 4 6) 1 6 6 6 6 6 7 (3 4) 1 7 5 7 6 8 8 6 6 (1 2 3) 1 5 5 6 7 7 7 6 6 (1 2 3)(4 5)(6 7) 1 7 6 9 7 8 7 8 8 (1 2 3)(4 5 6) 1 6 7 7 9 8 8 8 8 (1 2 3 4)(5 6) 1 8 7 8 8 9 8 8 8 ( 1 2 3 4 5) 1 8 7 7 8 8 9 8 8 (1 2 3 4 5 6 7) 1 6 6 8 8 8 8 8 9 (1 2 3 4 5 7 6) 1 6 6 8 8 8 8 9 8 1 8 5 5 12 11 13 10 9 9 9 11 10 10 (1 2)(3 4)(5 6)(7 8) 1 5 5 2 9 7 11 8 7 7 7 12 10 10 (1 2 3) 1 5 2 5 10 9 9 7 9 9 9 9 10 10 (1 2 3)(4 5)(6 7) 1 12 9 10 14 12 13 11 12 13 13 13 13 13 (1 2 3)(4 5 6) 1 11 7 9 12 14 13 12 12 12 12 12 13 13 (1 2 3 4)(5 6) 1 13 11 9 13 13 14 13 13 12 12 13 13 13 (1 2 3 4)(5 6 7 8) 1 10 8 7 11 12 13 14 10 12 12 13 13 13 (1 2 3 4 5) 1 9 7 9 12 12 13 10 13 12 12 12 13 13 (1 2 3 4 5)(6 7 8) 1 9 7 9 13 12 12 12 12 13 13 13 13 13 (1 2 3 4 5)(6 8 7)
1 9 7 9 13 12 12 12 12 13 13 13 13 13 (1 2 3 4 5 6)(7 8) 1 11 12 9 13 12 13 13 12 13 13 14 13 13 (1 2 3 4 5 6 7) 1 10 10 10 13 13 13 13 13 13 13 13 13 14 (1 2 3 4 5 6 8) 1 10 10 10 13 13 13 13 13 13 13 13 14 13 (3 4) (1 2)(3 4)(5 6)(7 8) (1 2 3) (1 2 3)(4 5)(6 7) (1 2 3)(4 5 6) (1 2 3)(4 5 6)(7 8 9) (1 2 3 4)(5 6) (1 2 3 4)(5 6 7)(8 9) (1 2 3 4)(5 6 7 8) (1 2 3 4 5) (1 2 3 4 5)(6 7)(8 9) (1 2 3 4 5)(6 7 8) (1 2 3 4 5)(6 7 9) (1 2 3 4 5 6)(7 8) (1 2 3 4 5 6 7) (1 2 3 4 5 6 7 8 9) (1 2 3 4 5 6 7 9 8) () 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  (1 2)(3 4) 1 8 8 5 15 11 8 14 14 13 9 11 12 12 15 13 10 10 (1 2)(3 4)(5 6)(7 8) 1 8 13 4 16 13 9 15 15 14 11 16 13 13 16 15 15 15 (1 2 3) 1 5 4 5 11 9 7 9 11 9 8 9 13 13 12 11 10 10 (1 2 3) (4 5)(6 7 1 4 4 4 6 6 6 5 (1 2 3)(4 5)(6 7) 1 5 4 8 6 7 6 7 (1 2 3)(4 5 6) 1 5 6 6 8 7 7 7 (1 2 3 4)(5 6) 1 7 6 7 7 8 7 7 (1 2 3 4 5) 1 7 6 6 7 7 8 7 (1 2 3 4 5 6 7) 1 5 5 7 7 7 7 8 Table 15 . Values of η ′ for even permutations of S 7 η ′ (α, β) () (1 2)(3 4) (1 2)(3 4)(5 6)(7 8) (1 2 3) (1 2 3)(4 5)(6 7) (1 2 3)(4 5 6) (1 2 3 4)(5 6) (1 2 3 4)(5 6 7 8) (1 2 3 4 5) (1 2 3 4 5)(6 7 8) (1 2 3 4 5 6)(7 8) (1 2 3 4 5 6 7) () 1 1 1 1 1 1 1 1 1 1 1 1 (1 2)(3 4) 1 7 5 4 8 9 10 8 8 7 9 8 (1 2)(3 4)(5 6)(7 8) 1 5 5 2 7 6 9 7 5 6 10 8 (1 2 3) 1 4 2 4 6 7 7 5 6 6 7 8 (1 2 3)(4 5)(6 7) 1 8 7 6 12 10 11 9 10 10 11 11 (1 2 3)(4 5 6) 1 9 6 7 10 12 11 10 10 10 10 11 (1 2 3 4)(5 6) 1 10 9 7 11 11 12 11 11 10 11 11 (1 2 3 4)(5 6 7 8) 1 8 7 5 9 10 11 12 8 10 11 11 (1 2 3 4 5) 1 8 5 6 10 10 11 8 11 10 10 11 (1 2 3 4 5)(6 7 8) 1 7 6 6 10 10 10 10 10 12 11 11 (1 2 3 4 5 6)(7 8) 1 9 10 7 11 10 11 11 10 11 12 11 (1 2 3 4 5 6 7) 1 8 8 8 11 11 11 11 11 11 11 12 (3 4) (1 2)(3 4)(5 6)(7 8) (1 2 3) (1 2 3)(4 5)(6 7) (1 2 3)(4 5 6) (1 2 3)(4 5 6)(7 8 9) (1 2 3 4)(5 6) (1 2 3 4)(5 6 7)(8 9) (1 2 3 4)(5 6 7 8) (1 2 3 4 5) (1 2 3 4 5)(6 7)(8 9) (1 2 3 4 5)(6 7 8) (1 2 3 4 5 6)(7 8) (1 2 3 4 5 6 7) (1 2 3 4 5 6 7 8 9) () 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  (1 2)(3 4) 1 7 8 4 11 10 6 11 10 11 8 9 10 13 11 8 (1 2)(3 4)(5 6)(7 8) 1 8 12 4 14 11 7 13 13 12 9 14 12 14 13 13 (1 2 3) 1 4 4 4 7 7 5 7 7 7 6 6 9 10 9 8 (1 2 3) (4 5)(6 7) 1 11 14 7 16 14 13 15 14 14 13 15 14 15 15 13 (1 2 3)(4 5 6) 1 10 11 7 14 16 13 15 14 14 13 12 15 14 15 13 (1 2 3)(4 5 6)(7 8 9) 1 6 7 5 13 13 13 11 14 12 10 12 15 14 13 15 (1 2 3 4)(5 6 
